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Let Ho be any fixed graph. For a graph G we define vy, (G) to be the maximum size of a

set of pairwise edge-disjoint copies of Hp in G. We say a function 1 from the set of copies

of Hp in G to [0,1] is a fractional Ho-packing of G if ZHsez/)(H) <1 for every edge e of

G. Then v, (G) is defined to be the maximum value of ZHE(HG ) Y(H) over all fractional
0

Ho-packings ¢ of G. We show that vj; (G) —vi,(G)=0o(|V(G)|?) for all graphs G.

1. Introduction

In this note we study a problem of packing edge-disjoint copies of a fixed
graph Hy into a given graph G. In order to state our main result we first
give some notation and definitions. An Hy-packing in G is defined to be a
set of copies of Hy in G which are pairwise edge-disjoint. We denote the set
of copies of Hy in G by ( go), and we write v, (G) for the maximum size
of an Hy-packing in G. For a graph G, a fractional Hy-packing of G is a
function ) : (I%) — [0,1] which satisfies > 5. ¢(H) <1 for every e € E(G).
We let || :ZHE(}? ) (H), and we say that v is a mazimum fractional Hy-
packing of G if || 0is as large as possible. We denote by v (G) the value
|9 of a maximum fractional Hp-packing ¢ of G. Clearly vy, (G) <vj;, (G)
for any graph G.
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Our main theorem is the following.

Theorem 1. Let Hy be a fixed graph, and let 1> 0 be given. Then there
exists N =N (n,Hy) such that for any graph G with n> N vertices we have

ity (G) — vy (G) < .

Moreover an Hy-packing in G of size at least vj; (G) —nn? can be found in
time polynomial in n.

For any graph H; that contains a connected component with at least
three edges, the problem of finding vy, (G) for a general graph G is NP-
hard (see Dor and Tarsi [5]). Since finding v (G) is a linear programming
problem and hence solvable in polynomial time, Theorem 1 gives an ef-
ficient algorithm for approximating v, (G) for those graphs G for which
v, (G)=02(]V(G)[?). Therefore this problem is another example of an NP-
hard problem which has a polynomial time approximation algorithm for an
appropriately defined “dense case”. Various other such problems have been
identified and studied by e.g. Frieze and Kannan [8], [9] and Arora, Karger
and Karpinski [3] (see also [6] and [4]). In many of these problems, as in
ours, the Regularity Lemma of Szemerédi plays an important role. As well
as finding an approximation to vg,(G), our result also gives an algorithm
for finding an Hy-packing of nearly optimal size.

We prove Theorem 1 by showing that there exists a finite weighted graph
G, i.e. whose size is independent of n, such that both vy, (G) and vy (G)
are closely approximated by vy (Go)n?/s?, where s = [V(Go)]| (see Theo-
rem 9). This graph is obtained by an application of the Regularity Lemma
of Szemerédi. In addition to Szemerédi’s lemma [13], and an algorithmic
version of it due to Alon, Duke, Lefmann, R6dl and Yuster [1], the proof of
Theorem 1 depends on a packing result of Frankl and Rédl [7] and an algo-
rithmic version of this by Grable [11].

2. Informal description of Gy

In this short section we give an outline of the construction of Gg. We shall re-
fer to Szemerédi’s Regularity Lemma and its algorithmic version (Lemmas 2
and 3) and the packing theorem of Frankl and Rddl (see Lemma 5).

For an edge-weighted graph with weight function w, we say that ¢: ( go) —
[0,1] is a fractional Ho-packing if 3 55, 9(H) <w(e) for each edge e. The
basic approach to constructing a finite weighted graph G’ from G for which
vy, (G (IV(G)]/IV(G")])? is an approximate lower bound for v, (G) will be

as follows. For some small quantity €, we apply Szemerédi’s lemma to G to
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get an e-regular partition Vp,..., Vs, where s <S(e). We then define a finite
graph G’ with vertex set {1,...,s}, where ij is an edge of G’ with weight d;;
precisely when (V;,V}) is an e-regular pair of density d;; > 0.

Let ¢* be a maximum fractional Hy-packing of G’. Our aim is to
convert v¢* into an Ho-packing of G of size close to |[¢*|(|V(G)|/s)? =
Vi, (G)([V(G)|/s)?. For each edge e=ij of G', the edge set E;; of the corre-
sponding e-regular pair (V;,V}) in G can be “sliced” into 2e-regular graphs
E;j(H), one for each copy H of Hy in G’ that contains e, such that E;;(H)
has density ¢*(H) (see Lemma 6). Therefore each copy H of Hy in G’ with
vertex set {i1,...,in}, h = |V (Hp)|, corresponds to a subgraph of G with
vertex set I, V;, and edge set Uijepm) Eij(H) where E;j(H) is 2e-regular
of density *(H).

In such a subgraph, each edge is in approximately the same number
of copies of Hy in G. This is precisely the situation in which the packing
theorem of Frankl and Rodl (see Lemma 5) applies, so each such subgraph
contains a nearly-perfect packing of copies of Hy in G. The union of all these
packings is then an Hy-packing in G of the required size.

The problem with this approach is that the values {¢*(H)}gse could
be very small, say of order |V(G’)|~! which can be much smaller than e.
Therefore, after slicing the density of each pair would be so small that no
meaningful regularity would be preserved.

To overcome this difficulty we first prove that there exists a constant
7, depending only on Hy and the error 7, such that for any large enough
weighted graph G’, there exists a fractional Hy-packing 1 of G’ with the
following properties. The value [¢] is very close to vj; (G'), and for each

He (g:)), if ¢»(H) >0 then ¢(H)>7. Then we may use the above approach,
provided we choose the parameter € to be much smaller than 7. See Lemma 7
for details.

3. Construction of G

Here we give the formal description of the finite weighted graph Gy. First we
describe the Regularity Lemma of Szemerédi. Let a graph G with n vertices
be fixed. For U, W CV =V (G) with UnW =), we write E(U, W)= Eq(U,W)
for the set of edges of G that have one endvertex in U and the other in W,
and G[U,W] for the subgraph of G with vertex set UUW and edge set
Eq(UW). We let the density d(U,W) of the pair (U, W) be defined by
d(U,W)=|E(U,W)|/|U||W|. Suppose € >0. We say that the pair (U, W) is
e-regular for G if for all U' CcU, W/ CW with |U’| > ¢€|U| and |W'| > ¢|W],
we have |d(U'\W')—d(U,W)| <e.
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We say that a partition P=(V;)§ of V=V(G) is (¢, s)-equitable if |Vp| <
en, and |Vi|=...=|Vs|. Then Szemerédi’'s Lemma [13] is as follows.

Lemma 2. Let a real number € >0 and a positive integer sg be given. Then
there exists a constant Sy = Sp(€,s0) > sg such that for any graph G there
exists an (e, s)-equitable partition P=(V;)§ of V(G), where sy <s<.Sy, such
that all but at most €(3) pairs (V;,V;) with 1<i<j<s are e-regular.

We shall use the following result. The statement is a straightforward
generalization of Lemma 2, and the algorithmic part follows in a natural way
from the algorithmic version of Lemma 2 proved by Alon, Duke, Lefmann,
R6dl and Yuster [1].

Lemma 3. Given a real number ¢ >0 and positive integers q and sg, there
exists a constant Sy =Sy (¢€,q, o) > so for which the following holds. Let G be
a graph whose vertex set is partitioned into q classes W1,...,W,. Then there
exists an (e, s)-equitable partition P=(V;)§ of V(G), where sy <s<.Sy, such
that each V; for i >1 is entirely contained in W; for some j=j(i), and all
but at most €(3) pairs (V;,V;) with 1 <i<j <s are e-regular. Moreover the
partition P can be found in O(M(n)) time, where n=|V(G)| and M (n) is
the time required to multiply two n X n matrices with 0,1 entries over the
integers.

Our next aim is to define the constants needed for the application of the
Regularity Lemma we shall require. In order to do this we shall need the
following four lemmas.

For a graph G and a partition Q= (V;)¥_, of V(G), we say that a subgraph
H of G is crossing in @ if no two vertices of H are in the same class V; of
Q. We write C(G,Q, Hy) for the set of copies of Hy in G which are crossing
in Q.

Lemma 4. Let A > 0 and a graph Hy be given. Then there exists K =
K (A, Hy) such that the following holds.

Let G be a graph with n vertices, and let ¢)* be a fractional Hy-packing
of G. Then there exists a partition Q= (V;)!_, of V(G), where ¢< K, such
that

(i) In/q] <|Vil<[n/q] for 1<i<g,
(i) Y reee,m) ¥ (H)=(1=A) ZHE( ) Y (H).

G
Ho
Moreover there is a O(n?) algorithm which finds such a partition.

We say that a pair (A, B) of disjoint vertex subsets of a graph G is e-
regular with density a=+e if |dg(A’,B’") —a|<e for every A’C A and B'C B
with |A’|>¢€|A| and |B’'| >¢€|B|.
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Let H be a graph with vertices w1, ...,wy that are ordered by w; <...<
wy. Let G be an h-partite graph with vertex classes Vi,...,V},. Then we
say that a subgraph J of G with ordered vertex set v <...<wy is partite-
isomorphic to H in G[Vq,..., V3] if v; € V; for each ¢ and the map v; — wj,
1<¢<h, is an isomorphism from J to H.

Lemma 5. Let H be a graph with vertices wi,...,wy. Let real numbers
A>0 and ¢ >0 be given. Then there exist 0 =0(\,¢) and B= B(\,¢) such
that the following holds. Let G be an h-partite graph with vertex classes
Vi,..., Vy, satisfying

(i) |Vi|=k>B for each i,

(ii) for each w;yw; € E(H) we have that (V;,V;) is f-regular with density
L0,

(iii) for each wyw; ¢ E(H) we have that V;UVj is an independent set.

Then G contains a family of edge-disjoint subgraphs of GG, each of which
is partite-isomorphic to H in G[Vi,...,V,], which covers all but at most
M E(G)| edges of G. Moreover such a family can be found in time polynomial
in |[V(GQ)|.

The next lemma is concerned with partitioning a regular pair into edge-
disjoint subgraphs of smaller density which are themselves regular.

Lemma 6. Let £ >0 and o >0 be given. Then there exists £=£(¢',0) and
ko=ko(¢',0) such that the following holds. Let j <o ~' be an integer and let
G be a bipartite ¢-regular graph with bipartition (U,V'), where |U|=|V|=
k> kg, and with density d(U,V') where jo <d(U,V)<(j+1)o. Then there is
a O(k?) algorithm which finds edge-disjoint subgraphs G*,...,G7 in G such
that each G* is ¢'-regular of density o +¢'.

For a weighted graph G and a real number 7 > 0, we say a fractional
Hy-packing v of G is T-bounded if for each H € (%), either ¢(H) =0 or

W(H)>T.

Lemma 7. Let a graph Hy and a real number n>0 be given. Then there
exists T=7(Hg,n) such that the following holds. For every weighted graph
G with n vertices, there exists a T-bounded fractional Hy-packing ¢ of G
such that [ > vy (G) —nn?.

The proof of Lemma 7 is not algorithmic, but we shall apply it only in a
finite weighted graph. Therefore we are not concerned with its algorithmic
aspects, as in this setting a suitable ¢ can be found by exhaustive search.
We mention that it is possible to give an algorithmic proof of this lemma,
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using the Regularity Lemma and Lemma 5. The proofs of Lemmas 4, 5, 6
and 7 appear in Sections 5, 6, 7 and 9 respectively.

The proof of Theorem 1 involves the construction of a finite weighted
graph from the given G, and the use of a fractional Hyp-packing in the finite
graph to construct a packing in G. The properties of this weighted graph are
made explicit in the next lemma, the proof of which appears in Section 8.

Lemma 8. Let Hy be a fixed graph, let an integer s >0 and real numbers «
and € be given. Then there exists S=S(Hy,«,€ ,so) such that the following
holds. Let G be a graph with n vertices. Then G has a subgraph G with the
following properties.

(i) V(G) has a partition P=C1U...UCs where each C; is an independent
set, s0<s<S, and m=|Cy|=...=|Cs|>(1—€)n/s.

(ii) Each pair (C;,C)) induces an €-regular bipartite subgraph J(i,l) of G,
with some density d;;.

(iii) |E(Q)|—|E(G)|<3e'n?.
Let Gy be the finite weighted graph with vertex set {ciy,...,cs}, where
each pair ¢;, ¢; is joined by an edge of weight d;;. Then G satisfies

(iv) mzvl’ilo (Go)>vg, (G) — an?.

Moreover G and G can be found in polynomial time.

We may now describe the construction of Gy. Let Hy and 7 be fixed, and
let h=|V (Hy)|, r=|E(Hp)|. Clearly we may assume 7<1/2. We now define
a collection of constants, some of which will be referred to in the proof of
Theorem 9 below.

We let a=n/2, (see Lemma 8),

T=1(Hy,n/10) (see Lemma 7),

B=1n/5,

¢’=min{6(n/10,53),0n/5} (see Lemma 5),

€ =&(¢",3) (see Lemma 6), and

N=max{(1—¢€)"1S(Ho,a,€ , 1)ko(",3),(1—¢)"LS(Hp,a, e ,1)B(n/10,3)}
(see Lemmas 5, 6 and 8).

These constants satisfy
n>a>7>F> > > 1/N.
Let the graph G with n vertices be given, where n > N. Then we apply

Lemma 8 to G with parameters Hy, a, €/, and 1 to obtain the graph G and
the finite weighted graph Gg. Then we have the following.
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Theorem 9. With the above definitions we have

(1) Vi1, (G) <vy, (Go)m® +nn? /2,
(i) v, (G) > vy, (Go)ym? —nn? /2.

Moreover an Hoy-packing in G of size at least vy, (Go)m? —nn?/2 can be
found in time polynomial in n.

Proof of Theorem 1. The algorithm from Theorem 9 finds an Hy-packing
in G of size at least vy (Go)m? —nn?/2 which by Theorem 9(i) is at least
Vi (G) —nn? /2—nn? /2> v}, (G) —nn?. Therefore the theorem is proved. N

The complexity of the algorithm from Theorem 9 depends on the com-
plexity of Lemma 5, which in turn depends on that of Grable’s algorithm
(see [11]).

4. Proof of Theorem 9

Part (i) of Theorem 9 is immediate from (iv) of Lemma 8. Therefore we
consider the proof of Part (ii). Recall that Gy is the weighted graph with
vertex set {cy,...,cs} with the properties listed in Lemma 8. Then since
T=1(Hy,n/10), by Lemma 7 there exists a T-bounded fractional Hy-packing
1 of Gy satisfying

(1) Vit (Go) = ns? /10 < || = > &(H).

He(50)

Then >y ¢(H) <1 for every e € E(Gy), and for each H € (gg) we have
Y(H) =0 or ¥(H) > 7. Our aim is to find an Hy-packing in G of size
approximately vy (Gog)m?. The proof will be algorithmic, and at the end of
this section we shall explicitly state the algorithm for finding this packing,
which will also include the construction from Lemma 8.

First we modify v slightly, as we would like the value it takes on each
He (gg) to be an integer multiple of 3. Therefore we define v : (gg) —[0,1]

by ¢¥(H)=1ig /3 where iy = {@J Note then that

Wl =10l < > (W(H) —$(H))

He(555)

) < I{H (f;) U(H) > 0} < BVl
0
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The rest of the proof will consist of the following three steps. In Step 1,
for each e=c;c; € E(Gp), we shall slice J(i,l) (see Lemma 8 (ii)) into edge-
disjoint regular subgraphs of density about § which we shall call elementary
subgraphs of G. The aim of Step 2 is to assign to each edge of each H € (gg)
the appropriate number iy of elementary subgraphs of the corresponding
regular pair in G. Then in Step 3 we show that for each H the union of
its assigned elementary subgraphs in G contains a nearly-perfect packing of
copies of Hy in G.

Now we describe Step 1. Let e=c;c; € E(Gp) be an edge of Gy. Consider
the subgraph J(i,1) of G from part (ii) of Lemma 8. Then J(i,1) is €’-regular
of density d;;, with vertex classes C; U (. We wish to apply Lemma 6 to
J(i,1) with parameters €’ (for £’) and 3 (for o). Note that by definition of
N and Lemma 8 we have |C;| =|C)|=m > (1—¢€)N/S > ko(€”,3), where
S=S(Hp,a,€',1) is as in Lemma 8. We also have (see definition of €) that
e <&(¢”,3). Therefore we may apply Lemma 6 to J(i,1) to find 2¢ edge-
disjoint subgraphs I},...,I*" such that each is ¢’-regular of density 34 ¢”,
where z¢ > |d;;/3]. These are the subgraphs we call elementary subgraphs
of G. We repeat this for each edge e€ E(Gy). This completes Step 1.

Next we turn to Step 2. Let an edge e = ¢;¢; of Gy be fixed. We assign
to each H ¢ (gg) such that e€ H a set Sc(H) of if elementary subgraphs
of J(i,1) such that the {S.(H)}pse are all edge-disjoint. This is possible
since Y psetn < Yogse W(H)/B] < |diy/B] < x°. We repeat this for every
edge of Gy. Then each H € (gg) with vertex set {c¢;,,...,¢;, } is assigned iy
elementary subgraphs contained in .J(i,,,) for each edge ¢;,¢;, € E(H). This
completes Step 2.

Finally we consider Step 3. Let H € (gg) be fixed, and let its vertex set be
{ci,,....ci, }. Let L be a subgraph of G with vertex set C;, U...UC;, formed
by placing one elementary graph assigned to H on each pair (C;,,C;,) for
which ¢;,¢;, is an edge of H. Then since each vertex class of L has size
m>(1—€¢)N/S>B(n/10,3) (see the definition of N), and €’ <6(n/10,03),
we may apply Lemma 5 to L with parameters 1/10 and 3 to find a family
of edge-disjoint copies of Hp in L that covers at least (1 —n/10)|E(L)| >
(1—1/10)r(B—€")m? edges of L (recall that |E(H)|=r), and hence has size
at least (1—1n/10)(8—¢")m?.

Since all the elementary subgraphs were edge-disjoint, we can construct
iz edge-disjoint graphs L of this type associated with H. Therefore we find
altogether an Hy-packing in G corresponding to H of size at least (1 —

n/10)ig (B3 —€")m?. Now summing over all H € (gg) we find an Hp-packing
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in G of size at least

(L =n/10) > ig(B—)m’

He(i0)
> (1= n/10 = ¢"/B)||m?
> (1=n/10 — €"/B)(1 = B/7)[t)|m? by (2)

> [plm? — (n/10 + €" /3 + B/7)|v|m?
> Vigy(Go)m® = ns*m?/10 — (/10 + €" /B + B/7)vi, (Go)m® by (1)
> v, (Go)ym® —n? /10 — (/10 + €' /3 + B/7)n” /2,

where the last line follows since vy (Go) < (5) < 52/2 and s?m? <n?. Then
since €”/25<n/10 and 3/27 <n/10 (see the definitions of these constants),
we conclude that v, (G)>vj; (Go)m? —nn?/2 as required. 1

To end this section we summarise the whole argument in the following
algorithm for finding an Hg-packing in G of nearly optimal size.

Algorithm
Input: Graph G with |[V(G)|=n> N, real n >0, and maximum fractional
Hy-packing * of G.
Construct Go from G using Lemma 8 (see Section 9 for definitions):
Apply Lemma 4 to G and ¢* to obtain the partition Q= (V;)L, of V(G).
Apply Lemma 3 to G and @ to obtain a partition (Cy)5_, of V(G).
Form the weighted graph Gp.
Find a T-bounded fractional packing of Gq:
For 7 = 7(Hy,n/10), let ¢ be a 7-bounded fractional Hy-packing of Gy
satisfying [¢| > v} (Go) —ns?/10 (as guaranteed by Lemma 7). Form ).
Form elementary subgraphs in G:
For each e=c;c; € E(Gy),
Apply Lemma 6 to J(i,) to slice it into €’-regular elementary subgraphs
IL,... I* of density B+¢".
For each H € (gg), assign i elementary subgraphs to each of its edges:
For each edge e=c;c;€ E(G),
assign a set S¢(H) of iy elementary subgraphs of J(i,1) to e.
For each H € (gg), find a nearly-perfect packing of copies of Hy in the union
of the elementary subgraphs assigned to H :
For each H, let {c;,,...,ct, } be the vertex set of H.
Form a subgraph L by placing an elementary graph assigned to H on
each (Cj,,C;,) for which ¢;,¢;, € E(H).
Apply Lemma 5 to L to find a nearly-perfect packing of copies of Hy
in L.
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Repeat this for a total of i edge-disjoint subgraphs L.
The union of all these packings over all H € (gg) gives an Hy-packing in G

of value at least v, (Go)m? —nn?/2.

5. Proof of Lemma 4

First we prove the following easy result for partitioning weighted sets.

Lemma 10. Let V be a set and w : (‘2/) — R* be a non-negative weight
function defined on the pairs of elements of V. Let |V| = n. Then there
is a O(n?) algorithm which partitions V into subsets Vo and V; such that
[n/2] <|Vol,[Va| < [n/2] and

Z w(z,y) + Z w(x,y)ﬁ% Z w(zx,y).

z,yeVo z,yeVy z,yeV

Proof. We construct the partition greedily. First we take two arbitrary
elements a and b of V and let A; = {a} and B; = {b}. Now suppose that
i>1 and sets A; and B; have been defined, where |A;|=|B;|=1i and

(3) Yoowy)+ Y wy) <z Y wlzy).

T,y€A; z,yEB; z,y€A;UB;

NN

Suppose also that |V \(A4;UB;)|>2. Then we define A;,1 and B;; by taking
two arbitrary elements a and b of V'\ (4;UB;) and letting A;1; = A4;U{a}
and B;y1=B;U {b} if

> w(a,v)+ > wbw) > Y wla,v) + Y wb,v),

veDB; vEA; vEA; veEDB;

otherwise we let A; 11 =A;U{b} and B; 11 =B;U{a}. Then note that (3) still
holds for the sets A;11 and B;41.

We continue this procedure until |V'\ (4;UB;)| <1. If n is odd then we
add the last vertex a to A; if 35, cp w(a,v) > 3, 4, w(a,v), otherwise we
add it to B;. Then (3) still holds, so letting V{ and V; denote the final sets
obtained in this construction completes the proof. ]

The proof of Lemma 4 will follow immediately from the following more
general result. Here for a partition Q = (V;)?_; of a set V, we say that a
subset S of V' is crossing in @Q if |SNV;| <1 for each i, and we write C(t,V,Q)
for the set of subsets of V' of size t that are crossing in Q.
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Lemma 11. Let a positive integer t and a real number A >0 be given. Then
there exists K = K (t,\) such that the following holds. For any set V and
function f: (‘t/) — R, there exists a partition Q = (V;)’_, with ¢ <K such
that

(i) |1Vil— [V} <1 for each i, j,

(i) Ysecwv,) f(9)=(1—A) Zse(‘{) f(S).

Proof. Let n = |V|, let k be such that 2¥ > ())A~! and let K = 2%. If

n < K then the partition of V into singletons clearly satisfies the required

conditions, so we may assume n> K. We define a weight function w on (g)

by w(z,y) = ZSG(V)_S%yf(S), and we apply Lemma 10 to V to obtain a
t N b

partition AgUA; such that [n/2| <|Ap|,|A1|<[n/2] and

Y wen)+ Y wlwy) <5 Y wlwy)

z,yEAo T,yEAL z,yeVv
Now suppose i>1 and that we have found a partition V:UO€{071}i A, into
subsets such that for each o, [n/2'| <|A,|<[n/2!] and
1

Y wey) <5 Y wy)

oe{0,1} z,y€A, z,yeV

We apply Lemma 10 again to each A, to obtain a partition A, =A;0UAs
such that |n/271| <|Aol,|A01] < [n/2071] and

1
;B’yeAUO $7y€A<71 m,yEAg
Therefore after k steps we get a partition V' = UJ,¢ (0,1} A, such that
[n/2"] <|As| < [n/2*] and
1 1

S Y w@y <o Y way) = o (0] 3 £S).
2 28\ 2
se(t)

oc{0,1}F z,y€A, z,ycV

We let @ be this partition. Then note that

dooof® < D> D wy) <A D> f(9).

SEC(tV,Q) oe{0,1}* 2.yEAS se(V)

This completes the proof. ]

Proof of Lemma 4. This follows immediately by taking V=V (G), t=h=
V(Ho)| and f(S) =32y (v =g ¥ (H). ]
0
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6. Proof of Lemma 5

In order to prove Lemma 5, we shall make use of the following three results.
The first is the packing theorem of Frankl and Rodl [7]. By a packing of a
hypergraph H we mean a set of pairwise disjoint edges of H.

Theorem 12. Let a > 3 be a real number. Let an integer r and a real
number X\ > 0 be given. Then there exists = [(3(r,A) > 0 such that the
following holds. Let H be an r-uniform hypergraph with vertex set X, |X|=
n, such that for some D

(i) (1—-pB)D <degn(z)<(1+3)D for all vertices x€ X,
(i) degy(z,y)<D/(logn)® for all distinct z, y€ X.

Then ‘H has a packing which covers all but An vertices in X.

There are many generalizations of this theorem by various authors, but
this one is enough for our purposes.
The following algorithmic version of the above result was proved by

Grable [11].

Theorem 13. Given r and A as above, the packing of H can be found in
time polynomial in n.

The next result is a lemma from [6].

Lemma 14. Let Hy be a fixed graph with vertex set wi,...,wp, and let
&> 0 be given. Let G be an h-partite graph with vertex classes Vi,...,V
such that for each i# j the pair (V;,V}) is {-regular with density d;;. Let

(i-- _ dij ifwiwj € E(H())
K 1-— dij ifwiwj ¢ E(H())

Then the number f(Hy,G) of induced subgraphs of G which are partite-
isomorphic to Hy in G[Vi,...,V}] satisfies

[f(Ho,G) =TI dy T Wil < &2 TT Wil.

1<i<j<h  1<i<h 1<i<h

Our approach to proving Lemma 5 will be to apply Theorem 12 to the
hypergraph whose vertex set is E(G) and whose edges are the edge sets of
subgraphs in G which are partite-isomorphic to H. Therefore we first need
to estimate the number of such subgraphs which contain a given edge of G.
This step is accomplished by the following lemma, whose proof depends on
Lemma 14.
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Lemma 15. Let H be a graph with vertices wy,...,wy and with r edges.

Let real numbers A >0 and ¢ >0 be given. Then there exists ( =((H,\, )

such that the following holds. Let G be an h-partite graph with vertex classes

1,...,V}, satisfying

(i) |Vi|=0b for each i,

(ii) for each w;w; € E(H) we have that (V;,V;) is (-regular with density
CESE

(iii) for each w;w; ¢ E(H) we have that V;UV} is an independent set.

Then there exists a subgraph G" C G with vertex classes V{,..., V)|, VI C
Vi, and at least (1—\)|E(G)| edges such that for every edge e of G”,

lqr(e) — ¢" 10" < A" o2,

where qp(e) denotes the number of subgraphs J of G" containing e which
are partite-isomorphic to H in G"[V{,...,V}/|. Moreover there is a O(M (b))
algorithm to construct G”.

Proof. Let (>0 be chosen to satisfy the following conditions:

(a) (1—2hR¢Y2¢ 1) (1=2R¢)"(1—4hCo™ )" (1—8hCHp~2) " >1—N/4,
b) (142h¢Y2¢1) (1+4hCop™ 1) (1+8hlp )P <1+ \/6,

(b)
(©) ¢ (S )1/2 <)/2,
(

$2—8h(
d) (¢—4h¢)(1—21¢)* > (1= A)(¢+().

First note that for each i, j with w;w; € E(H), at most (b vertices = of
Vi satisfy ||I'(x) NVj| —¢b| > (b. Therefore by removing all such vertices, we
may construct, for each i =1,...,h, subsets V/ C V; with |V/| > (1 —2h()b
such that for every = € V/ and every j such that w;w; € E(H) we have
|[|I"(x) N V]| —¢b| < 2hCb. We now focus on G', the subgraph of G induced by
Viu...uVy.

Now suppose {w;,w;,w;} are vertices of a triangle 7" in H. We say that
an edge vy of G’ is bad for T'if z €V and y € V], and |I'(z)NI'(y) N V]| >
(p+2h¢)(p+2¢)b or |I'(z)NI(y)NV/|<(¢p—2h()(¢—2¢)b. For z€ V], the
set U of vertices yEF(a:)ﬁVj/ such that xy is bad for T is at most 2{b by (-
regularity. Therefore the subgraph of G’ formed by the edges which are bad
for some triangle T of H has maximum degree at most 2(h—2)(h—1)(b. Let
G" denote the subgraph of G’ formed by removing all bad edges (the bad
edges can all be identified by performing h matrix multiplications). Then
G" has the following properties.

(1) For each z € V/ and each j with w;w; € E(H) we have |[I"(x)NV]|—¢b| <
Ah¢b,
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(2) for every triangle {w;,w;,w;} of H and each edge xy with x€V/, ye Vj/
we have ||'(z) NI (y)NV/|— $b| < 8h(b,

(3) each pair (V/,V]) where w;w; € E(H) is ¢'/2-regular with density ¢+
2h¢Y/2,

(4) [E(G")][=Q=N)E(G)] by (d).

We shall use Lemma 14 to show that these very regular properties of G”
imply the result. Let e=xy be an edge of G”, and suppose x € V{, y € V. Let
us classify the indices ¢ for 3<7<h into four sets as follows: for each subset
S C{1,2} we let Cg denote the set of indices i for which w,w; € E(H) for
all €S and wow; ¢ E(H) for all c€{1,2}\S. Then we make the following
definitions.

v/ itieCy
_ V/ NI'(x) if 1 € C{l}
Vi@ 9) =\ vinr) if i € Cya)

‘/;/ N F(Il?) N F(y) ifi € 6{172}'

Then the number of subgraphs of G” partite-isomorphic to H in G"[V/,...,V}]
that contain e is precisely the number of copies of Hio=H — {wq,wy} with
vertices {vs...,vp} with v; € V;(x,y) for each i, where the order of vertices
in Hyy is the same as in H. Note that by Properties (2) and (3), when-
ever ww; € B(H), the pair (Vi(z,y),Vj(x,y)) is ¢/%($? — 8h¢)-regular of
density d;; where ¢ —2h(/? <d;; <¢+2h¢V/2.

Therefore by Lemma 14 and (c) we find that e satisfies

ane) = II  dy IT Wi w)l| <

wiw; €E(H12) 3<i<h

| I Vilz,y)| < X" "'b 2.
12 8h¢ 3<i<h

Moreover we have

(¢ — 2n¢H/?)IEMH)l < H dij < (¢ + 2h¢1/2)IEH )]
wiw; €E(Hy2)

and from Properties (1) and (2) and the fact that |V/|> (1 —2h({)b we see

II Wi, p)l = 6"72(1 = 200) (g — an)lCnCearl(g? — 8h¢) Cuar]
3<i<h

> ¢\C{1}\+\C{z}\+2lc{1,2}\bh—Z(l —2h¢)l%l(1 - 4h§¢—1)|c{1}UC{2}\(1 _ 8hc¢—2)\c{1,2}|
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and

[T 1Vita,g) < 626 + 4h0) 0n (g7 + 8h¢) 02|
3<i<h

< ¢\C{1}|+\C{2}|+2|C{1,2}|bh—2(1 + 4hg¢—1)lc{1}UC{2}|(1 + 8h§¢_2)‘c{1»2}|.

Therefore by (a) and (b) and the fact that [E(Hi2)+|Cq1y[+/Cray [+2|Ca 2y | =
r—1 we find

[T dy [T Wiyl - o' < Ag 022

wiw; EF(H12) 3<i<h
which implies the result. |

We are now ready to prove Lemma 5.

Proof of Lemma 5. Let r denote the number of edges of H. Given G, let
G" denote the graph given by the algorithm in Lemma 15, and let the r-
uniform hypergraph H be defined as follows. The vertex set V(H)=FE(G"),
and a set of r edges of G” forms an edge of H if it is the edge set of a
subgraph of G which is partite-isomorphic to Hy in G”[V{,...,V]].

Let 0 = ((Hy,3(r,A\/2),¢). Then by Lemma 15 we have that degy/(e) =
qm,(e) satisfies

degy(e) — ¢" K72 < B(r,A\/2)¢" kR 2

for every element e of V(H). Moreover we note that for any two distinct e,
e2 € V(H) we have degy (e1,e2) < k"3, Therefore, provided B is large enough
such that (log(hk))* < ¢" 'k for all k> B, by Theorem 12 we have that H
contains a packing which covers at least (1 —\/2)|[V(H)| > (1—\)|E(GQ)|
elements of V(H), i.e. the conclusion of the lemma holds. By Theorem 13
this packing can be found in time polynomial in [V(G)]. |

7. Proof of Lemma 6

It would be quite easy to give a non-algorithmic proof of Lemma 6, essentially
just by partitioning the edges of G into j classes at random. Our plan for
proving it algorithmically is to partition the vertex sets U and V into a
large but finite number ¢ of classes, and then define G',...,G7 using the
following lemma for partitioning the complete bipartite graph Ky 4, treating
the regular pairs joining vertex classes in G as edges of Ky .
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Lemma 16. For every integer s > 1 and real number p > (0 there exists
an integer ¢ ={(s,p) such that the following holds. For every 3, 0 <[ <1,
the complete bipartite graph with bipartition AU B where |A| = |B| = ¢
contains edge-disjoint subgraphs Ji,...,Js with the following property. For
every function w: AUB — [0,1] with w(A) =3 ,cqw(a) > pl and w(B) =
Y vepw(b) >pl and every i with 1 <i<s we have

( ! p)w(A)w(B)§ ) w(a)w(b)§<

- +p ) w(A)w(B).
s+6 abeE(J;) )

s+ 0

Proof. Let J be any fixed bipartite graph with bipartition AUB, and let a
function w satisfying the conditions be given. Our first aim is to show that
there exists wg: AUB —[0,1] such that

(i) wo(A)=w(A) and wy(B)=w(B),

(1) W (10) = e () wol o (6) > W (w),

(iii) the sets My(wo) ={a € A:0<w(a) <1} and Mp(wy) ={be B:0<
w(b) <1} satisfy wo(Ma(wg)) <1 and wo(Mp(wg))<1.

Suppose that w itself does not satisfy Property (iii), so without loss of
generality suppose w(Ma(w)) > 1. Let My(w) = {ap,...,a,} and assume
that w(l'(ap)) > ... > w(I'(ay)). Then there exist €j,...,¢ > 0 such that
1—w(ag) =>%_1¢; and w(aj) —e; >0 for 1 <j<r. Let w': AUB — [0,1]
be defined by w'(c) =w(c) for c € (A\ Ma(w))UB, w'(a;) =w(a;)—¢; for
j=1,...,r, and w'(ag)=1. Then note that

w'(A)=w(A) and w'(B)=w(B),

W (w') =W (w) =3 e n, (w) (W' (@) —w(a))w(I'(a)) = (1-w(ag))w(I (ap))—
Zgzl ij(F(aj))ZO?

o W (My(w'))=w(Ms(w))—1 and W' (Mp(w'))=w(Mpg(w)).

Therefore repeating this argument shows that wg exists as claimed.

In order to construct the graphs Ji,...,Js we recall a few facts from
random graph theory. Let J(A, B,s,3) denote a random partition of the set
A x B into s+1 parts Jo,...,Js, where for each pair (a,b) we let P[(a,b) €
Jo]=0/(s+ ) and P[(a,b) € Ji] =1/(s+ ), 1 <i <s, independently of all
other pairs. By Chernoff’s inequality we find that for large enough £{=1/0(s, p)
and every 0 <3 <1, the following event occurs with positive probability. For
every A’C A, B'C B with |A'|>pl/2, |B'|>pl/2 and i=1...,s we have

i x B < —— (14 8) 143!

“ s+ 0
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for each i=1,...,s and

B
s+

Then for some partition satisfying this property and for 0 <i<s let J;
be the graph formed by the edges in J;.

Let i be fixed and suppose w: AU B — [0,1] satisfies the conditions of
the lemma. Let us also assume £ is chosen large enough so that £ > 8s/p?.
Then we know Wj(w) =3 e p(g,) w(@)w(b) < Wi(wo) for some wy (which
depends on i) with properties (iS, (ii), and (iii). Therefore letting Sy={a€
A:wp(a)=1} and Sp={be B:wy(b)=1} we find

Wi(w) < Wi(wp) < Z 1+ Z w(a)w(b)
abeE(J;)N(SaxSE) a€M a(wp) OF be Mp(wo)
< [Es(S4,58)[ + w(A) + w(B).

o (4 x B)| < (5 + £ 1415

Now £ >8s/p? and w(B) > pf imply that w(A) < (p/8s)w(A)w(B) < (p/4(s+
B))w(A)w(B), and similarly w(B)<(p/4(s+ 3))w(A)w(B). Therefore
ﬁ(l +pwAw(B) if1<i<s

(5 + £) wAuw(B) ifi=o.

This proves the upper bound. For the lower bound, it suffices to note
that for i=1,...,s,

Y. w@wd)= Y w@uw®) - > w@wb)

abeE(J;) a€AbEB J#i abeB(J;)
B p

> w(A)w(B) — (j;;) (1+ p)w(A)w(B) — (s e + %

—wu(B) [ - - 2]

p) w(A)w(B).

) w(A)w(B)

> ( !
s+
This completes the proof. |

Proof of Lemma 6. Let p=¢'/10. Let £=/(|c~!|,p) be as in Lemma 16,
and let £=(&')3/10¢ and ko= [10£/(¢")?]. Suppose an integer j<|o~!] and
a bipartite {-regular graph G with bipartition U UV and density d(U,V)
are given, where |U| = |V| =k > ko and jo <d(U,V) < (j+1)o. Let § =
(d(U,V)—jo)/o, and let Ji,...,J; be the subgraphs of the complete bipartite
graph with bipartition AUB guaranteed by Lemma 16, where |A|=|B|=/.
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The algorithm is as follows. Since ¢ does not depend on k we first find the
graphs Ji,...,J; by brute force. Then we partition U and V in an arbitrary
way into subsets U=UyUUueaUq and V =VyUUpep W such that |U,| =
|Vi| = |k/¢] for each a € A, b€ B. We then define the subgraphs G',..., G/
of G as follows. We let V(GZ) UUV for each i, and E(G") = {uv EE(G):
u€Uy,veV, for some abe E(J;)}.

We now check that each G is &’-regular of density o4¢'. Let U’ CU and
V' CV be given where |U'| > ¢'|U|, |[V'| > £'|V]. For each a € A, b€ B set
w(a)=|U"'NU,|/|Us| and w(b)=|V'NV,|/|V;|. Then the function w satisfies
the conditions in Lemma 16, since w(A) = Y ,cqw(a) = U\ Upl/|k/t]| >
(1-¢/10)|U"|/|k/t] > pt, and similarly w(B)> pf. Then

\E@-(U’,V’)]_ Z |Ec(U, NU, VN V)|
VT T LA, 10V

|Eq(U, NU, V, NV
4 = E b
(4) U, N U’ ||V N V| w(ajw(b)

dGi (Ula V,) -

Ual[ Vil
o

abEE(Ji)

Now for each a, b such that |U,NU'| > &k and [V, NV'| > &k, we know by
&-regularity that

|Eq(U, NU, V0 V)|

o+ A= =d(U,V)-¢ <
AR N A AN

< d(U,V)+£ = jo+A+¢.

But note also that S {|Eq:(U,NU" V)| :a € A,|U,NU'| < £k} < £€K? and
S{|Eqi (U, VynV')|:b€ B, |[V,NV'| < £k} < £EK?. Therefore from (4) and the

result of Lemma 16 we find

: 2
den (U, V1) < 2T TATE S w(a)w(b) 26k

w(A)w(B) , L T

1 24
<Go 3 +0 (7 +o) + 1o
o 268
ot

<o+ (jo+Np+ <o+¢,
since p=¢//10, £=(¢')3/10¢, and o < jo+A<2.

For the lower bound, note that } . p(s,) w(a)w(b) <> {w(a)w(b) :abe
E(J;),w(a) > 260,w(b) > 260} + 4£0%, and moreover that w(a) > 2¢¢ im-
plies |U,NU’'| > &k and w(b) > 2&¢ implies |V, NV'| > k. Note also that
w(A)w(B)|Ug||Vp| > (1 =¢&'/5)|U’||V’|. Therefore again using Lemma 16 we
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have

[Ec(UaNU", Vs 0 V') |Ual[Va|

4 !
; >
dg: (U, V') 2 ooy nvy U @vO g

abeE(J;),|[UsNU|,|VuNV! | >Ek

2
> (jo + A — &) LF/4 > w(a)u(b)

|U,| |V,| abeE(J;),w(a),w(B)>2¢l

> oA=L [ putaps) - aee
> o +3-9 |- D5 -0 - ]
e[ -na-5- 1]+
ot N [E -t - ]
>o0—¢&. 1

8. Proof of Lemma 8

Given Hy, «, €, and sg as in the statement of the lemma, we make the
following definitions. We let

e=min{a/5,€'}, and
S=So(e, K(a/5,Hp), max{sp,e '}) (see Lemmas 4 and 3).

Let G be a graph with n vertices. We begin with the construction of the
graph G. Let ¥* be a maximum fractional Hy-packing in G. Our plan is to
apply Lemma 3 to GG, where the vertex partition is such that most of the
value [1*| of ¥* comes from crossing copies of Hy. First we apply Lemma 4
to G with parameters a/5 and Hy to obtain a partition Q= (V;){_; of V(G)
such that ¢ <K(a/5,Hp) and

(5) Y. WH) =1 -a/5).

HGC(G7Q7H0)

Next, we apply Lemma 3 with parameters €, ¢, and max{sg,1/e} to G with
partition Q). Let P=(C;);_, be the partition of V(@) given by Lemma 3, so
5<8p(€,q,max{sg,e '})<S. Let m denote the size of the vertex classes Cj,
1<i<s. For each pair (C;,C)) for which the bipartite subgraph G[C;, (] of
G induced by the classes C; and C} is e-regular, with some density d;;, we let
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J(i,1)=G[C;, (). If G[C;,C] is not e-regular, we let J(i,l) be the bipartite
graph with vertex classes C; and C; with no edges, and we set d;; =0.

We let G be the graph with vertex set C1U...UCs and edge set {e€ E(G):
ec E(J(i,l)) for some 7,l}. Then Properties (i) and (ii) in Lemma 8 hold for
G by construction. To check Property (iii), note first that by Lemma 3 there
are at most en? edges of G incident to vertices in the exceptional class Cy, at
most en?/2 contained in irregular pairs, and at most n?/2s <n?/2sq inside
partition classes. Therefore we have

|E(G)| — |E(GQ)| < en® + en?/2 +n?/2s
< 3en? < 3¢'n?,

since s >1/e from our application of Lemma 3. This completes the definition

of G.

Now we turn to Assertion (iv). Using (5) we have

> WrH) > (1-a/5)¢f| - > V¥ (H)
HeC(G,P,Hy) HeC(G,P,Hy)\HeC(G,P,Hy)
> (1—a/5)[Y"| = (IB(@G)| - |E(G)])
> 0¥ — a/5|9%| — 3en? > [¢*| — Tan?/10,

where the last inequality follows since [¢*| < (}) <n?/2 and 3e<3a/5.

For H €C(G, P, Hy), we define the projection n(H) € (gg) as follows. Let
V(H)={w;...,w,} where w, € C;, for 1 <u<h. Then we let 7(H) be the
copy of Hy in Gy with vertex set {¢;,,...,¢;, } and edge set {¢;,¢;, 1w, w, €
E(H)NE(J (iu,iv))}-

To prove (iv), we shall exhibit a fractional Hy-packing vy of G such that
m2[o| > vi;, (G)—an?. For H' € (flg), we define

Yo(H) = ) W (H).

HeC(G,P,Hy),n(H)=H'

To see that v is a fractional Hy-packing of G, let eg =c;¢; be any edge of
Gy. Then

1 %
> Yo(H) = —5 > > v (H)
H'>eq H'>eo HeC(G,P,Ho):n(H)=H'
1

=3 > > Y*(H)

ecE(Ji(i,l)) HEC(G,P,Ho):H>e

1 .

IN
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Therefore 1y is a valid fractional Hg-packing of Gy.
Furthermore we have

Yol =5 3 > v

H’g(go) HeC(G,P,Hy):n(H)=H'
0

- Y wm

HeC(G,P,Hyp)
1o .
> —3 <|¢ | — 70m2/10> .

This implies that m?o| > vj;, (G) — Tan? /10> v}, (G) — an®. This com-
pletes the proof of (iv).

The above proof gives an efficient algorithm for finding G' and Gy. For
an explicit outline, see the algorithm in Section 4. ]

9. Proof of Lemma 7

We shall deduce Lemma 7 from a more general result about fractional
packings in weighted hypergraphs. For a vertex-weighted hypergraph H in
which every vertex v € V(H) receives a weight w(v), we say that a function
¢:H —[0,1] is a fractional packing of H if Y g5, ¢(E) < w(v) for every
veV(H). We say that a fractional packing is 7-bounded for some real num-
ber 7 if for each F €H, either ¢(E)=0 or ¢(E)>T.

We shall need the following theorems from [12] (see also [2]).

Theorem 17. Let Xy,...,X,, be independent random variables where

X — 1 with probability p;
‘| 0 with probability 1 — p;.

Let X="",X; and A\=E[X]|=>""" p;. Then

(a) If e<3/2 then P[|X — | >eA] < 2exp(—e2)\/3).
(b) If >7\ then P[X >z]<exp(—x).

Theorem 18. Let >0 and r €N be given. Then there exists ko= ko(r,n)
such that the following holds.

Let 'H be any r-uniform vertex-weighted hypergraph where the weight
w(v) of each vertex v satisfies 0 < w(v) < 1, and let ¢ be any fractional
packing of ‘H such that ¢(E) < 1/ky for every E € ‘H. Then there exists
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a 1/ko-bounded fractional packing ¢ of H such that |¢| > |¢| —nn, where

V(H)|=n.

Proof. Clearly we may assume that |¢| > nn. For a vertex v we let ¢(v) =

> Ese @(E). Then note that |¢|=(1/r)3 e ¢(v), where we let V=V (H).
Let k£ be large enough such that the following hold:

(i) k~Y2<n|¢|/10n (note that k>100/n* would do),
(i) 2exp(—n*vk/300) < 1/k?,

(iii) 400/k? <,

(V) 3yory o+ 1) exp(—) <1/k.

Then we set ko=[k(1+n/10)].

We begin by removing from H vertices that have small values of ¢(v). For
a fractional packing f of a hypergraph J we will say that a vertex ve V(J)
is f-small if f(v) < n|¢|/10n. We shall remove small vertices one by one
from H as follows. Let Hy="H and ¢g = ¢. Now for ¢ > 0, if there are no
¢;-small vertices in V(H;) then set ¢’ =¢;, V' =V (H;), H'="H; and stop.
Otherwise let x be a ¢;-small vertex. Then set V(H;11) =V (H;)\{z}, let
Hiv1=H;\{E€H;:ve E} and define ¢;11 on H;11 by ¢i11(E)=¢;(E) for
each F€H;y1.

When this process is completed we have that H' and ¢’ satisfy the fol-
lowing properties.

(6) 1612161~ X oev 0(0) > 6] — nal6 /100> 6] 1~/ 10),
(7) &' (v)>n|¢|/10n for every ve V', so in particular by (i) we have ¢'(v)>

1/\/% for every ve V.

Now we let H be a random subset of H’' where each E € H’ is chosen
randomly and independently with probability pp=¢'(E)k <1. Let V=V'=
V(H). Now for each vertex veV we have E[d;;(v)] = B k¢'(E)=k¢' (v),
where we use dy(v) to denote the number of edges of H that contain v.
Therefore by Theorem 17(a) we have

P{|dy(v) = k¢'(v)| > 1/10k¢' (v)] < 2exp(—nke' (v)/300)
(8) < 2exp(—n*Vk/300) < 1/k?,

where the last two inequalities follow from (7) and (ii) respectively.

We shall call a vertex v bad if dy(v) > (1+n/10)k¢'(v) and thin if
dy(v) < (1 =n/10)k¢’(v). Let B and T denote the sets of bad and thin
vertices respectively. Then from (8) we find E[|B|]<n/k? and E[|T|] <n/k>.

Next we check that the number of edges incident to bad vertices is small.
For a vertex v €V we define

- { diy(v) if (1+n/10)k¢' (v) < dp(v) < 7¢'(v)k
v 0 otherwise.
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Let M =} .y M,. Then note that M gives an upper bound on the

number of edges of H incident to “moderately bad” vertices, that is, bad
vertices with degree at most 7k¢'(v). Then we have

E[M] = YO EDM,] <23 dy(v) exp(—r6/ (1)k/300)
veV veV
< (/) Y dyv)
veV
©) < (14/k) 3 ¢/(0) < Ln/k,

veV

where the first inequality follows from (8), the second from (ii) and the third
from the definition of M,,.
Now define
R dyy(v) if dg(v) > 7¢'(v)k
v 0 otherwise.

We let R=}_ .y Ry, so R gives an upper bound on the number of edges

incident to “really bad” vertices v with degree more than 7Tk¢'(v). Since

from (7) we have 7k¢'(v) >7v'k, from (b) we find

(10) ER| =Y E[R) <> > (z+1)exp(—z)<n/k,

veV veV 2>k

where the last inequality follows from (iv). Therefore from (9) and (10) the
number mp of edges incident with bad vertices satisfies E[mp] < 15n/k.
Then since also E[|T|] < n/k?, there exists some Hy such that mp < 45n/k
and |T|<3n/k2.

Let H; be the hypergraph formed by removing all edges from H that
are incident to bad vertices. Then note that by construction H; has the
property that dy (v) <¢'(v)k(1+n/10) for every vertex v. We define ¢ by
setting

) = { 1/k(141/10) if E € H,

0 otherwise.

Then ¢ is a fractional packing of H since for v € V we have ZEBUQ_S(E) =
dyy, (v)/k(1+1/10) <¢'(v) <w(v). Also

- 1 1
o] > m {;gdﬂl(v)
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1
= - _.z:(i mp
Ho\Y
k(1 +n/10) T
1 1
> |- Z dﬁo(v)—mg
k(1 +n/10) _r Se\T
! (1 n/10) Y ¢'(w)k—m
> - B
K+ n/10) | S
1 (1 77/ 10)k |
10)k —
= 5@ 1 /109 UEZ‘/'¢ —n/10)k —mp
1 —n/10) |¢,‘_3_n_ 45n
= {1 +n/10) 2 R+ 77/10)
' 3n  45n
> ’__QEZ[_-——-— > — 2,
where the last inequality follows from (iii). Therefore |¢| > |¢| —nn by (6).
Finally, since ko= [k(1+n/10)] we see that ¢ is 1/kg-bounded. 1

We are now ready to prove Lemma 7.

Proof of Lemma 7. Given Hy and 7, we let r=|E(Hy|, and we let 7=
1/ko(r,n) where ko is defined as in Theorem 18. Let G be an edge-weighted
graph with n vertices, and let ¢* be a maximum fractional Hy-packing of
G. We define an r-uniform vertex-weighted hypergraph H as follows. The
vertex set of H is V(H) = {v. : e € E(G)}, where the weight w(v.) of a
vertex v, is the weight in G of the corresponding edge e. Then note that
m = |V(H)| = |E(G)| < n?. A set of r vertices of H form an edge of H if
and only if the corresponding r edges form a copy of Hy in G. Then 3*
corresponds to a fractional packing ¢* of H, such that |¢*| :VE()(G).

First we modify H by removing edges E for which ¢*(E) > 7. Let & =
{E€H:¢*(F)>71}. Then we define a new vertex-weighted hypergraph H’
where

V(H')=V(H),
wrp ()= 010(0) — X o reeo 8" () for cach ve V(H))
We also define a fractional packing ¢ on H' by ¢'(E) = ¢*(FE) for each
E€H'. Then

(11) [l=16"1 = > ¢"(E

Ee&y
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Note then that ¢’ is in fact a fractional packing since for ve V(H') we have

YFE)= D> E)- >, (B
E>v Esv,EeEH Esv,E€&y
Swn)— Y, ¢ (E) = w(v).

Esv,E€&y

Also, for every E € H' we have ¢/(E) < 7. Then since 7 = 1/ko(r,n), by
Theorem 18 there exists a 7-bounded fractional packing ¢ of H' such that
|¢| > |¢'| —nm. We therefore define a fractional packing ¢ of H as follows:

we let SE) ifE &
* if E e
o(E) = { oE) iEeH.

Then ¢ is 7-bounded by construction. Also
o= > ¢*(E) + |9l

Ee&y

> 3 () +|¢] - nm
Ee&y
by (11) = |¢"| —nm
> v (G) — nm?.

Since ¢ corresponds to a fractional Hy-packing of G, the result follows. |
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